Abstract: In 1997, X. Xu [18] invented a concept of Novikov-Poisson algebras (we call them Gelfand-Dorfman-Novikov-Poisson (GDN-Poisson) algebras). We construct a linear basis of a free GDN-Poisson algebra. We define a notion of a special GDN-Poisson admissible algebra, based on X. Xu's definition and an S
Introduction
I.M. Gelfand and I.Ya. Dorfman [9] , in connection with Hamiltonian operators in the formal calculus of variations, invented a new class of non-associative algebras, defined by identities
S.I. Gelfand (see [9] ) introduced an important subclass of new algebras (1) . Namely, any associative commutative differential algebra (C, ·) is an algebra (1) under a new multiplication x • y = x(Dy). Independently, S.P. Novikov ([3, 10] ) invented the same algebras in connection with linear Poisson brackets of hydrodynamic type. J.M. Osborn [11] [12] [13] [14] gave the name Novikov algebra (he knew both papers [3, 9] ) to this kind of algebras and began to classify simple Novikov algebras as well as irreducible modules.
Considering the contributions of Gelfand and Dorfman to Novikov algebras, in this paper we call Novikov algebras as Gelfand-Dorfman-Novikov algebras (GDN algebras for short), Novikov-Poisson algebras as Gelfand-Dorfman-Novikov-Poisson algebras (GDNPoisson algebras for short).
As it was pointed out in [10] , E.I. Zelmanov answered to a Novikov's question about simple finite dimensional GDN algebras over a field of characteristic 0. He proved that there are no such algebras, see [23] . V.T. Filippov [8] found first examples of simple infinite dimensional GDN algebras of characteristic p ≥ 0 and simple finite dimensional GDN algebras of characteristic p > 0. J.M. Osborn and E.I. Zelmanov [15] classified simple GDN-algebras A over an algebraically closed field of characteristic 0 with a maximal subalgebra H such that A/H has a finite dimensional irreducible H-submodule (V. Gullimen's type of condition) (up to isomorphisms of Weisfeller associated graded algebras).
A. Dzhumadil'daev and C. Löfwall [7] constructed a linear basis of a free GDN algebra using trees and a free commutative associative differential algebra. There were also quite a few papers on the structure theory (for example, X. Xu [16] [17] [18] [19] , C. Bai and D. Meng [1, 2] , L. Chen, Y. Niu and D. Meng [6] , D. Burde and K. Dekimpe [5] ) and combinatorial theory of GDN algebras, and irreducible modules over GDN algebras, with applications to mathematics and mathematical physics.
In [16, 17, 20] Since then, there have been several papers on GDN-Poisson algebras, see [18, 19, 22, 24] . There are also papers about embedding on GDN-Poisson algebras, for example [21] ;
papers on GDN-Poisson algebras and associative commutative derivation algebras [25] .
The paper is organized as follows. In section 2 we first introduce the concept of a special GDN-Poisson admissible algebra and then construct a linear basis of a free GDNPoisson algebra over an arbitrary field. In section 3 we prove a Poincaré-Birkhoff-Witt (PBW for short) theorem: any GDN-Poisson algebra is embeddable into its universal enveloping special GDN-Poisson admissible algebra. In section 4 we show that any GDNPoisson algebra (with identity e with respective to ·) satisfying the identity x • (y · z) = (x • y) · z + (x • z) · y is isomorphic to a commutative associative differential algebra both as GDN-Poisson algebra and as commutative associative differential algebra.
Free GDN-Poisson algebras
A Gelfand-Dorfman-Novikov algebra (GDN algebra for short) ( [3] ) A is a vector space with a binary linear operation • satisfying the two identities
A is a vector space with two linear operations " · " and " • " such that (A, ·) forms a commutative associative algebra and (A, •) forms a GDN algebra with the compatible conditions:
Throughout the paper, we only consider GDN-Poisson algebras with identity e with respect to ·.
Let GDNP (X) be a free GDN-Poisson algebra over a field k generated by X. Define words in GDNP (X) as follows:
(i) x, e are words for any x ∈ X;
(ii) If u, v are words in GDNP (X), then u · v and u • v are words in GDNP (X).
For other algebras, words are defined similarly. For any word T in GDNP (X), define |T | • = the number of "
• " that appears in T,
|T | X = the number of elements in X that appears in T .
We call w a GDN tableau over a well-ordered set X, if
where
a GDN tableau over X ∪{e} (e < x for any x ∈ X) satisfying that (i) a n,
(ii) if a n,2 = e, then m = 0, i.e., T = w.
We will prove that the set of the GDN-Poisson tableaux over X is a linear basis of
Unless otherwise stated, throughout the paper, we use a, b, c, . . . to denote elements in X ∪ {e}, α, β, γ, . . . elements in the field k, u, v, . . . elements in the commutative associative monoid [X], T word in GDNP (X), m, n, p, q, t, l, i, j, . . . integer numbers.
Moreover, we may omit ·, for example, we denote
For any words 
A as follows:
Then (A, ·, •) forms a GDN-Poisson algebra.
Proof. The proof is straightforward. For example,
The other identities can be proved similarly.
Denote C[X] the set of the following elements:
where a 1 , . . . , a n ∈ X ∪ {e}, i 1 , . . . , i n ∈ N, (i 1 , a 1 ) ≥ · · · ≥ (i n , a n ) lexicographically, and if
Let kC[X] be the linear space spanned by the set C[X]. For any
Define linear operations ·, * , D on kC[X] as follows:
With ·, * , D defined as above, it is easy to see that (kC[X], ·, * , D) becomes a special GDN-Poisson admissible algebra.
We denote a free special GDN-Poisson admissible algebra generated by X as C(X).
It is clear that C[X] is a linear generating set of C(X).
Lemma 2.3. The algebra (kC[X], ·, * , D) is a free special GDN-Poisson admissible algebra generated by X.
Proof. Define a special GDN-Poisson admissible algebra homomorphism η :
and η(C[X]) is a linear independent set in kC[X], it is clear that η is an isomorphism.
Let w be as (2) . Define
. . , i n , a n , −1).
We order the set of C[X] as follows:
The proof of the following lemma is straightforward.
Lemma 2.4. (i) For any w 1 , w 2 , w 3 ∈ C[X], we have
(ii) Let w be as (2) .
where f is the leading word of f ∈ C(X).
which is the subspace of C(X) spanned by the set {w ∈ C[X] | wt(w) = 0}. Then it is clear that (GDNP 0 (X), ·, •) is a GDN-Poisson subalgebra of (C(X), ·, •). We will prove that GDNP 0 (X) is a free GDN-Poisson algebra generated by X, i.e., GDNP (X) ∼ = GDNP 0 (X), see Lemma 3.1. from the set of words of a free Ω-algebra F (Ω, X ∪ {e}) to the set of natural number N is defined as follows: for any words T 1 , T 2 , (i) r(a) = 0 for any a ∈ X ∪ {e};
We call r(T ) the root number of T . It is clear that r(
For more details about Ω-algebras, see [4] .
For any word T ∈ GDNP (X), we can take T as a word in F (Ω, X ∪ {e}). Then r(T ) also makes sense.
By definition, we have the following lemmas.
Lemma 2.7. For any words x, y, z ∈ F (Ω, X ∪ {e}), we have r((
Lemma 2.9. For any word T ∈ GDNP (X), if |T | • ≥ 1, then T = T 1 • T 2 for some words
Proof. If T = T 1 • T 2 , the result follows. Otherwise, we may assume that
Lemma 2.10. For any word T ∈ GDNP (X) with |T | • = n − 1 , we have r(T ) ≤ |T | • and the equality holds if and only if
Proof. By Example 2.6, we just need to prove that (i) 
For any words T, T ′ ∈ GDNP (X), we define
It is clear that
, we define
Proof. Since
By the same argument, we have
Similarly, we have A → u j • Aû j for any j ≥ 2.
Proof. By Lemma 2.11, we get
the result follows immediately.
Define deg-lex order on [X] as follows: for any
, each x i , y j ∈ X, u > v if and only if n > m, or n = m and for some p ≤ n, x p > y p , x i = y i for any 1 ≤ i ≤ p − 1.
Lemma 2.13. For any word T ∈ GDNP (X), we have T = α l T l , where each T l is of the following form:
, such that the following conditions hold: 
By right commutativity, the result follows.
If |T | • − r(T ) ≥ 1, then by Lemma 2.9, we have T = T 1 • T 2 for some words T 1 , T 2 ∈ GDNP (X). By induction, we have Lemma 2.14. For any u ∈ [X], a 1 , a 2 , . . . , a n ∈ X, n ≥ 1, we have
Proof. Induction on n. If n = 1, the result follows. If n > 1, then
• (e · a n )) − u · (((a 1 · · · a n−1 ) • e) · a n ) = ua n • (a 1 · · · a n−1 ) + (ua 1 · · · a n−1 ) • a n − (ua 1 · · · a n−1 a n ) • e = 1≤i≤n−1
Lemma 2.15. For any
Proof. We may assume that u 1,1 ≥ · · · ≥ u n,1 by deg-lex order on [X] and u 1,2 =
If t > 1 and
By induction, the result follows. 
Suppose u i,1 = c 1 · · · c q , q ≥ 2 for some 1 ≤ i ≤ n. If r i = 1, then by Lemma 2.14, we
If r i > 1, then by Lemma 2.14, we have
Repeating this process if there is some other j such that |u j,1 | X > 1. So by induction hypothesis and Lemma 2.12, we may assume that |u i,1 | X ≤ 1 for any 1 ≤ i ≤ n.
Induction on |T | X . If |T | X = 0, then T is a GDN-Poisson tableau over {e}. Suppose that the result holds for any T with |T | 
Lemma 2.4, we have ϕ(T ) = D r 1 a 1,1 * D r 2 a 2,1 * · · · * D rn a n,1 * a 1,r 1 +1 * · · · * a 1,2 * a 2,r 2 * · · · * a 2,2 * · · · * a n,rn * · · · * a n,2 · b 1 · · · b m . Suppose that 1≤i≤t α i T i = 0, where each α i ∈ k, T i is a GDN-Poisson tableau and T i = T j for any i = j, 1 ≤ i, j ≤ t. Then 1≤i≤t α i ϕ(T i ) = 0.
Denote DGDNP (X) a free differential GDN-Poisson algebra generated by a wellordered set X. It is clear that
where Id(♦) is the ideal of GDNP (X) generated by (♦). So for any GDN-Poisson algebra A generated by X, if A satisfies (♦), then A ∼ = DGDNP (X|R) for some R ⊆ DGDNP (X). For any x ∈ DGDNP (X), since x • e = x • (e · e) = x • e + x • e, we have
Let F (Ω, X ∪ {e}) be as in Definition 2.5. For any word T in F (Ω, X ∪ {e}), denote
|T | e the number of e that appears in T . For any word T ∈ DGDNP (X), we consider T as a word in F (Ω, X ∪ {e}). Then |T | e also makes sense. For example, let a, b ∈ X, T =
Define
We call T a normal word if
where a 1 , . . . , a n ∈ X, (i 1 , a 1 ) ≥ · · · ≥ (i n , a n ), n ∈ N.
Lemma 4.2. For any normal word T ∈ DGDNP (X), we have e • T = i α i T i , where
follows by induction.
Lemma 4.3. For any word T ∈ DGDNP (X), we have T = i α i T i , where each α i ∈ k and T i is normal.
Proof. Induction on |T | X . If |T | X = 0, then it is clear that T = 0 or e. Let |T | X = n ≥ 1.
By induction hypothesis, the result follows. Suppose that the result holds for any T with |T | X < n, or |T | X = n, |T | e < t. Let |T | X = n, |T | e = t ≥ 1,
If |T 1 | X < n and |e•T 2 | X = |T 2 | X < n, then the result follows by induction. If |T 1 | X = 0 and |T 2 | X = n, then T 1 = 0 or e, and |T 2 | e < t. By induction, we may assume that T 2 is normal. Then
. By Lemma 4.2, the result follows. If |T 1 | X = n and |T 2 | X = 0, then T 2 = 0 or e, and |T 1 | e < t. Then
By induction, the result follows.
Let k{X} be a free commutative associative differential algebra generated by a well- 
where a 1 , . . . , a n ∈ X, each r i ≥ 0, (r 1 , a 1 ) ≥ · · · ≥ (r n , a n ). 
